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^ , Abstract. We show for a non homogeneous boundary value problem for the 

■ Ricci flow on a surface with boundary that when the initial metric has positive 

curvature and the boundary is convex then the initial metric is deformed, via 
the normalized flow and along sequences of times, to a metric of constant 
curvature and totally geodesic boundary. 



1. Introduction 

Very little is known about the behavior of the Ricci flow on manifolds with 
boundary. One of the main difficulties arises from the fact that even trying to 
impose meaningful boundary conditions seems to be a challenging task. For the 
reader to get acquainted with the difficulty of the problem, we recommend the pa- 
pers of Y. Shen ( |Shej ) and S. Brendle (|Br]). and the interesting work of Pulemotov 
[Puj . In the case of the boundary conditions imposed by Shen in [She , satisfac- 
tory convergence results have given for manifolds of positive Ricci curvature and 
totally geodesic boundary, and when the boundary is convex and metric is rotation- 
ally symmetric. In the case of surfaces, the Ricci flow is parabolic, and imposing 
meaningful boundary conditions is not difficult: one can for instance control the 
geodesic curvature of the boundary. In this case, Brendle in [Brj has shown that 
when the boundary is totally geodesic, then the behavior is completely analogous 
to the behavior of the Ricci flow in closed surfaces. In this case, also for non totally 
geodesic boundary, the author has proved, under the hypothesis of rotational sym- 
metry of the metrics involved, convergence results in the case of positive curvature 
and convex boundary and for certain families of metrics with non convex boundary 

(EH)- 

In this paper we prove a new result concerning the asymptotic behavior of the 
Ricci flow in surfaces with boundary. To be more precise we will study the equation 

f % = -Rg in Mx(0,T) 
(1) I k g (-,t)=i)(-) on 9Mx(0,T) 

I ff(-,0)=5o(-) in M. 

We assume ip = k ga for all time, i.e., the geodesic curvature of the boundary remains 
the same throughout the deformation. 

The solution to ([T]) can be normalized to keep the area of the surface constant, 
as follows. Choose (j) (t) such that (j>A g (t) = 2ir, where A g (t) is the area of the 
surface at time t with respect to the metric g. Then define 

t (i) = j </> (s) ds and g — (pg. 
1 
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If the family of metrics g (t) satisfies (fTJ), then the family of metrics g m satisfies 
the evolution equation 

!§f = (r - Rj g in M x (o, Tj 
kg{;t)=i)(;t) on dM X (0,f) 
H;0)=9o(-) on M 
where R is the scalar curvature of the metric g, and 

__ J M RdA 3 
Im dA g 

Here dAg denotes the area element of M with respect to the metric g. We refer to 
J2]) as the normalized Ricci flow. 

The existence theory of equation (fT]) is well understood. Indeed, since the de- 
formation given by ([T]) is conformal, if we write g (t) — e 2u ^go, it is equivalent 
to a nonlinear parabolic equation with Robin boundary conditions. Hence, it can 
be shown that (p} has a unique solution for a short time, and that this solution is 
C 2 ' 7 , < 7 < 1, on M x [0, T) and smooth on M x (0, T). 

In this paper we prove 

Theorem 1.1. Let (M 2 ,go) be a surface with boundary with positive Gaussian 
curvature scalar curvature (R go > 0) and such that the geodesic curvature of its 
boundary is nonnegative (k go > 0) (M 2 is then homeomorphic to a disk). If g (t) 
satisfies {IJ) with initial condition go, then its normalization g (t) exists for all 
time, and for any sequence t n — > oo, there is a subsequence t nk — » oo such that 
the metrics g (tn k ) converge smoothly to a metric of constant curvature and totally 
geodesic boundary. 

This paper is a follow-up of jClj , where the rotationally symmetric case is treated. 
We give an outline of the proof: first of all, given an initial metric go of positive 
scalar curvature and convex boundary, it can be shown that the curvature of g (t) 
blows up in finite time, say T < oo; the idea then is to take a blow-up limit and to 
show that the only possibility is for this blow-up limit to be a round hemisphere. 
To be able to produce this blow-up limit we will have to show that we can estimate 
the injectivity radius of the manifold, and since it has boundary it will require from 
us to show that there no geodesies hitting the boundary orthogonally that are too 
short with respect to the inverse of the square root of the maximum of the curvature 
(this is the basic new ingredient in the proof) . We prove then that if such a geodesic 
does exist, then there exists a sequence of times tk T and balls of radius rk 
at time tk whose area is o (r 2 .), which then together with a monotonicity formula 
given by Theorem 13.21 The monotonicity formula (Theorem I3.2[) also precludes 
blow up limits different from the hemisphere, as it docs not allow collapsing. From 
this Theorem 11.11 follows easily. 

The layout of this paper is as follows. In section [2] we prove the basic evolution 
equation for the scalar curvature, when the metric evolves under (TTJ); in section 
|3] we prove a monotonicity formula for Perelman's functionals on manifolds with 
boundary; in section [4] it is shown that it is possible to take blow up limits for 
solutions to (fTJ) , by proving that we can control the injectivity radius of the manifold 
in terms of the curvature; finally, in section [5] we put all the ingredients together to 
give a proof of Theorem ll.il This paper conatins also two appendices: in appendix 
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|A]we produce a useful extension procedure for surfaces with boundary that we use 
in our arguments; and in appendix |B] we show how to bound derivatives of the 
curvature in terms of bounds on the curvature. 



2. Evolution equations 

Let us compute the evolution of the curvature of a metric g when it is evolving 
under (Q~]); of special interest to us is the computation of the (outward) normal 
derivative of the curvature. 

Proposition 2.1. The scalar curvature satisfies the evolution equation 

|| = A 3 i? + i? 2 in Mx(0,T) 
§k = kg R-2k' g on dMx(0,T) 

where rj g is the outward pointing unit normal with respect to the metric g, and the 
prime (' ) represents differentiation with respect to time. 

Proof. Choose local coordinates so that {81,82} is an orthogonal frame at t = to 
(the instant when we want to compute the normal derivative) and which is normal 
at the point P € dM where we are computing with d 2 the exterior normal to the 
boundary. Since the deformation is conformal, d 2 remains normal to the boundary. 
Therefore the geodesic curvature is given (as long as the flow is defined for t > to) 

by 

Mii = - 7 5rr = -(P2 2 ) i r? 1 
(a 22 ) 2 

Now we compute at t — t (here we use ga = 1) 

(Mil)' = --V^)' r n- (922)H T u)' 

2(322) 2 

Now let's compute (recall V denotes covariant derivative, and recall 512 = 0) 
- V 2 (-2Vi (Rg 12 ) + V 2 (R 9ll )) 



Therefore 



lg 22 {d2R)9ii = \g 22 (d 2 R) 



k' g gii-k g Rgn = -\k g R 1 —-rd 2 R 

2(922) 2 



And the result follows. □ 

As a consequence from the Maximum Principle, since k' g — in the case we are 
considering, we obtain 

Proposition 2.2. If R > at time t — 0, it remains so along the Ricci flow. Also 
R blows up in finite time. 
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3. MONOTONICITY OF PERELMAN'S FUNCTIONAL IN MANIFOLDS WITH 

BOUNDARY. 

The purpose of this section is to show a monotonicity formula for Perelman's 
celebrated T and W functionals. To begin, consider the following functional 



(3) 



F(9ijJ) = J M (R+\Wf\ 2 )exp(~f)dV. 



Here dV represents the volume (in the case of a surface, area) element of the 
manifold M . We compute the first variation of this functional on a manifold with 
boundary. 



Proposition 3.1. Let Sgij = Vij,Sf = h,g l3 Vij ~ v. Then we have, 
(4) 

8F = f M exp(~f)[~v tJ (R lJ +V t V J f)+(^-h)(2Af-\Vf\ 2 



R 



dV 



I 



DM 



c)v 



(«-2ft)|J exp(-/) da+ 



Iom ex P (-/) v i v ijV J da - J gM Vj exp (-/) v^rf da 



here, 



= {rf} * s the outward unit normal to dM with respect to g, V represents 
covariant differentiation with respect to the metric g, and da represents the volume 
element of dM . 



Proof. As in [KL , we have that 



8T {vij,h) 



-f 



[-Aw + ViVjVij - RijV t] 



M 



-VijVifVjf + 2g (V/, Vh) + [R + |V/| 



V --h 
2 



dV 



We must compute the integrals on the righthand side of the previous identity. 
We start by calculating 

J M e-f(~Av)dV = -J M Ae-fvdV + J dM v^da~J 9M e-f^da 



IM ■ 

Im *e~ f v dV - J dM exp (-/) da. 



Now we compute 



f M e f V l V J v l3 dV 



- Im Vie-^Vj-uy dV + f gM < < V , r, ,. rf da 
Im ViVje-^Uij dV - J gM Vje-^v^rf da 
+ IdM e ~ fV J v vrf da. 



And finally 



2j M e~f (V/,V/i) dV 



2 J M (Ve-',Vh) dV 



,de~ 



= 2lM(^~ f )hdV-f dM h<— 
Putting all this calculations together proves the result. 

Consider the evolution equations on a surface with boundary 



da. 



a 



(5) 



( {g l3 ) t = -2R V} in M x (0,T) 
kg = ijj on dM x (0, T) 



/ t = -A/+|V/r-i? in Mx(0,T) 
^/ = on 8MX(0,T) 

The fundamental monotonicity property of T is given by the following result. 
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Theorem 3.1. Under {5p the functional J 7 satisfies 



(6) 



2/ M l%+ V i V j/| 2ex P(-/) dA s 
+2j dM k g Rexp(-f) ds g + 2f dM k g \V 9 f\ 2 exp(-f) ds 



and here V 9 / represents the component of V/ tangent to dM , dA g the area element 
of the surface, and ds g the length element of the boundary. 

Proof. For notational purposes and since parts of these computations apply to man- 
ifolds of higher dimensions, in this proof we will fix coordinates 
We will assume that represents the outward unit normal when this coordinates 
are used at a boundary point, and we will denote by a subscript n quantities that 
are evaluated with respect to the outward unit normal. By a greek letter we will 
represent indices running from 1, 2, 3, ... , n— 1, and at a boundary point we assume 
the vector fields to be tangent to the boundary. Covariant differentiation will 
be denoted by a semicolon (;). If we transform the evolution equations given by ([5]) 
using the one-parameter family of diffeomorphisms ip t generated by —V/, we must 
take, 

Svn = -2 (Rij + ViVjf) , Sf = -A/ - R. 
Observe that under this new evolution, i.e., with respect to the metric g = (¥>t)*5 
(forgive the abuse of notation), we still have ^ — k g R. We will compute each of 
the boundary integrals in the first variation of Perelman's functional. We change 
the notation from the previous proposition as follows: dV = dA g and da = ds g We 
start with 



dM 



dv 
dr) 



2h) 



drj 



exp(-f)ds g , / exp(-f)ViVijrf dA g . 

JdM 



To compute these integrals, let us calculate Vi 



First, we have 



— —2Ri. 



2V,V l V I J 



= — V„i? — 2AV„/ (by the contracted Bianchi identity). 
The Ricci identity says 

AV„/ = V„A/ + g' 1 H„X,f = V„A/, 

and therefore, 

v in ;i = -V„iZ - 2V„A/. 
Using the evolution equation f t = —A/ — R, we get at the boundary, 

V„A/ = -V n R. 

This last identity has two consequences. On the one hand, it implies that 
and since clearly v — 2h = 0, we obtain 



8r 
di) 



dM 



— + (v- 2h) — 
dr] dr/ 



exp (— /) ds g = 0. 



On the other hand, it implies that 

V in ;i = -V„i? + 2V„i? 

which shows that 



k g R. 



/ cxp(-f)W l v lJ Tf dA= k g Rexp(~f)dA 

JdM JdM 
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Let us now attack the integral 

II = - Vj exp (-/) v^rf dA g . 

JdM 

Notice that 

II = - Vj exp (-/) v jn dA g , 

JdM 

so, under the previous conventions, 

11= V Q / exp(-f)v an dA g + / V„/ exp {-f)v nn dA g . 

JdM JdM 

We know that 

V„V a / = ~g pa h aa d a f, 

where h denotes the second fundamental form of the boundary. Hence, using the 
fact that V n / = 0, we get 

11 = 2 f exp (-/) h (V s /, V a /) dA=2 [ exp (-/) k g | V a /| 2 dA, 

JdM JdM 

and the formula is proved. 



□ 



Consider the functional, 

W (.9, /, r) = J [t (| V/l 2 + R) + f - 2] (47TT)- 1 exp (-/) dA g . 

Under the unnormalized Ricci flow, and the evolution 

f£ = -A/+|V/| 2 -i?+i in Mx(0,T) 
| = -1 in (0,T) 
g = on 9Mx(0,T), 

we have the following monotonicity formula for the functional W. We omit the 
proof, as it is similar to the proof of theorem 13. II 

Theorem 3.2. 

dW " ' 1 



dt 



2t 

M 



Rij + ViVjf - — gij 



(47rr)^ 1 exp(-/) dA 
2r [J kg (i?exp (-/) + I V a /| 2 ) exp (-/) ds 



4. Non-collapsing 

In order to produce a blow-up limit we need control over the injectivity radius of 
the surface with boundary M . To define the injectivity radius of a manifold with 
boundary, we must define a few quantities first. Let v be the normal bundle of dM, 
and let v~ be the half space of the normal space consisting of inwardly pointing 
vectors. Finally, define 

V (r) = {v G v~ : < r} . 

Then we have 



id 



sup {r > : exp : v (r) — > M is a diffeomorphism onto its image} 
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Let Li n t (p) be the supremum among all r > such that for any geodesic 7 : 
[0, £ 7 ] — > M starting at p it is minimizing up to time t = min(i 7 ,r). Define 

L int = SUp pGM Li n t (p). 

The injectivity radius, lm, of the manifold M is defined as 

L M = min {L int , La}. 

It is well known that, 

L d > ^Foc(dM),h 

where I is the length of the shortest geodesic meeting dM at its two endpoints at 
a right angle, and Foe is de focal radius of the (boundary of) the manifold. Since 
for the focal radius of the manifold 

1 / /K \ 

Foc(dM) > — arctan 



where K + and A+ are upper bounds for the curvature of M and the geodesic 
curvature of dM respectively, we obtain 

id > 




On the other hand, for points p £ M at distance at least ^Lg, it is easy to show 
that 



knt (p) > 




A"4 



where L is the length of the shortest closed geodesic in M. By the extension results 
from appendix IA1 we may assume that M is embedded in a closed surface of positive 
curvature, and its curvature is bounded above by < CK + , where K+ is a bound 
on the curvature of M and C is a universal constant as long as the minimum of the 
geodesic curvature of dM is strictly positive; hence from Klingenberg arguments, 
it follows that 

, s f 1 t n t\ Ctt ) 
lm (p) > < ^0 (M) . 



2 uy " yfKl) 

Then, in order to produce blow-up limits, we must show that along the Ricci flow 
([T]) there is a constant independent of time such that at any time t, 

HM,g(t)) ^ SU P 7% ° , V 
se[0.t] y/Kmax {S) 

This is implied by the following non-collapsing result: 

Proposition 4.1. Let I be the lenght of the shortest geodesic both of whose end- 
points are orthogonal to the boundary. There is a k > which depends only on the 
initial metric such that 

I > . 

V -Rmax ( s ) 

Proof. Here we will make use of the monotonicity formula proved in the previous 
section. Assume that the statement of the proposition is false. Then, there is a 



sequence of times tk such that h = [ , 1 I . Take a geodesic ball of radius 
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rfc ~ -, centered at the midpoint pk of the geodesic. As it will be shown in 

section [47T1 the volume of the ball is of order l^Tk, which goes to zero faster than v\. 
An argument similar to Perelman's shows that this together with the monotonicity 
of the functional W produces a contradiction (see Section 14. 2|) . 

□ 

This shows, by the results in [Koj . reviewed in |C3j for the case of the Ricci flow, 
that one can take a blow up limit, as soon as we have control over the derivatives 
of the curvature in terms of the curvature itself, and how this can be done is shown 
in appendix iBl (see also the last section of }C2j b 

Remark 1. A proof that limits can be taken from a sequence of pointed Ricci flows 
with controlled geometries (bounded curvature, bounded second fundamental forms 
and injectivity radius controlled from below) can be given along the same lines to 
the one given by Hamilton in |Hamj . To take care of the boundary one can extract 
from the original sequence a subsequence for which the boundaries form a convergent 
subsequence of pointed submanifolds by taking as a marked point in the boundary 
one that is close to the marked point of the manifold ( unless the marked point of the 
manifold is getting further and further away from the boundary: in this case, there 
is no need to worry about the boundaries). The boundaries also have controlled 
geometries since we have control on the curvature, the second fundamental forms, 
and the injectivity radius of the manifolds (to see how to control the injectivity 
radius of the boundary from the mentioned quantities see t ABJ; notice that in the 
case of the boundary being a curve, this is not a problem at all). Once we have done 
this, the boundary can be treated as a generalized point and Hamilton's arguments 
go through. 

4.1. We still have a claim to justify from the proof of Proposition 14.11 In this 
section we assume that the boundary of M has strictly positive geodesic curvature. 
Otherwise, it can be shown that by changing the original metric conformally, we 
can find a metric as close as the original one as wanted (in any C k norm) so that 
with the new metric M has strictly positive curvature, and dM strictly positive 
geodesic curvature. Indeed, choose h so that it satisfies 

f Ah = a > in M 
\ h = on dM 

Let w > be any small number. By the deformation formula for the curvature 
we see that by taking tu very small, if (M, g) has strictly positive curvature then 
(M, e 2uh g) has positive curvature and, as a consequence of Hopf 's lemma, and the 
deformation formula 

m 

if dM has positive geodesic curvature with respect to g then dM has strictly positive 
geodesic curvature with respect to e 2uh g; also e uh g is as close to g as wished. Then 
we can reason as it is done in what follows to justify our claims in Proposition ^. II 
So let M be a compact surface of positive Gaussian curvature and strictly convex 
boundary. Assume that there is a geodesic 7 of length I parametrized by arclength 

f I H 
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that hits the boundary orthogonally at its two endpoints. Again, we may assume 
that M is embedded in a closed surface M of strictly positive curvature which is 
< CK + . B C M be the ball centered at the midpoint of the geodesic, i.e. centered 
at 7 (0), of radius r ~ , , half the convexity radius of M. 

To simplify our considerations we will consider the following region: let fa the 
connected component of the boundary contained in B that contains 7 (4)- fa 
divides B \ fa into two open sets; let B x the piece that contains 7 (0). Let fa be 
the connected component of the boundary contained in B that contains 7 (— 4). 
Again, fa divides B\ fa into two open sets. Let B2 the piece that contains 7 (0). 
Let D — B\ n £?2- It is not difficult to show that D is contained in a ball of radius 
r of M and that it is locally convex. Recall that a subset C of a manifold M is 
locally convex if for any p£ C there is a number e (p) > such that C fl (p) is 
strongly convex, (see Section 2 in [BCGSj ; the definition we use for local convexity 
corresponds to the definition of convexity given in [ChGj and |Kr] ) . 

Now, since we will estimate a volume, we may assume without lost of generality 
that the region considered, i.e. D, is symmetric by reflection across the aforemen- 
tioned geodesic (in principle the resulting metric is C 2 ; however, by smoothing up a 
little bit we may assume the reflected metric as regular as wished without changing 
it and its curvature too much); notice that the diameter of D once it has been 
symmetrized along the geodesic 7 will change at most by 0(1), so we still have 
that the diameter of D is O (r). Also, we may assume that by changing D a little 
bit, without changing its volume too much (actually as little as wished) that dD is 
smooth and D still locally convex. In fact, let us give a short argument for this: 

If D is locally convex, then f (p) = d (p, dD) is a (geodesically) convex function 
(see Theorem 1.10 in [ChG ). Consider the function h — (rf (7 (0) ,p)) . h is strictly 
convex in a neighborhood of D; therefore, for 5 > very small, / + Sh is a strictly 
convex function. By a theorem of Greene and Wu (Theorem 2 of [GWJ, f + Sh 
can be approximated by a smooth strictly convex function; since strictly convex 
functions are Morse, from this our claim follows without much difficulty. 

Then we have the following estimate on the area of D: 

Lemma 4.1. 

A g (D) ~ It. 

To show the lemma, we will conformally deform de region D to be flat, and then 
show that the volume of the region with the original metric is comparable with the 
volume of the region with the flat metric. So let tp be a function such that 

( Aip = \R in D, 
) ip = on dD 

By our construction, the domain D is quite well behaved, so this equation has a 
solution that belongs to C 2 (D) n C° (D) , and that this solution is actually smooth 
in D. Consider the metric in D given by 

9e = e 2v 9- 

It is clear that gE has zero Gaussian curvature. By symmetry, 7 remains a geodesic 
in this new metric, and still hits fa U fa orthogonally at both of its endpoints. Also, 
in this new metric 3D has positive geodesic curvature. Indeed, since R > 0, <p is 
superharmonic, and hence it is negative in the interior of D. Hopf's Lemma then 
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implies that dD it holds that > 0, where r\ g is the outward unit normal. From 
this, and the deformation formula (J7J our claim follows. 

To proceed, we will need to show that tp is appropriately bounded. So we have 
the following lemma: 

Lemma 4.2. The exists a constant c > independent of A + such that 

M < c 

Proof. Consider the function 

where d is the diameter of D and p is the distance function from 7 (0). Now we 
compute 

A/ = -(Ap 2 ) e« 2 -pV 2 
an it is clear that there exists a constant A > such that 

A/ < -A. 

Consider the function 

h = i/sup 

Computing again, 

A (95-/1) > 0, 

and also <p — h < on <9i3. The Maximum Principle shows then that 

<P < h < ^ (e d2 - l) A". 

Using the fact that d ~ / , then we obtain the conclusion of the Lemma, 
v ^+ 

□ 

The previous Lemma shows that A g (D) = O (^. gE so to show our claim 

all we need to do is to do our estimations in the Euclidean space. So consider the 
following situation. Let D be a convex subset of the plane such that its diameter is 
at most r and such that there exists a segment joining two points of the boundary 
and such that it hits the boundary orthogonally at both endpoints, and whose 
length is at most I. A simple geometric argument then shows that its volume is of 
order Ir. 




4.2. Perelman's argument for surfaces with boundary. To finish the proof 
of Proposition Hj] we will show then that the existence of a short geodesic that hits 
the boundary orthogonally at its endpoints contradicts the monotonicity formula 
given in theorem 13.21 To achieve this, consider the functional 



4t|V$| + (tR- 21og$ - 2)$ 2 



dA n 



The first observation is that given a Riemannian manifold with boundary (M, g) 
(i(g,r) := inf 1l(g,®,T) 

W(M), mLHM) = 1 
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does exists. Then methods from Rothaus in [Rot] apply verbatim to this prob- 
lem. Hence the existence of a smooth positive minimizer can be shown, and this 
minimizer satisfies the Euler-Lagrange equations 

t (-4A$ + R$) - 2$ log $ = (jj, (g, r) + 2) $ in M 
jp-^> = on dM 

The relation between the functional 1Z and Perelman's W functional is made ap- 
parent by the use of the substitution 

^ — f 
$ = e 5, 

and, therefore, the existence of smooth minimizer for W is guaranteed. 

So in order to reach our contradiction, we must show that the existence of the 
aforementioned short geodesic implies that W is unbounded from below; hence we 
must construct appropriate functions to test W. 

Observe now that the distance function in the manifold M is Lipschitz contin- 
uous. Hence it is differentiable almost everywhere, and it is possible to prove that 
wherever it does exist the gradient of the distance function has norm at most 1. So 
we can proceed as in |Pe] to show that if there is a sequence of times t& — > T, of 
points pk and of radii < rk < oo such that < R < r^ 2 in the ball Bk = B Th (pk) 
such that 

(8) r~ 2 A g(tk) (B k ) H- 

would contradict the monotonicity formula (recall that by A g (D) we denote the 
area of D with respect to the metric g). 

Indeed, in this case we use the same test function as in Section 4 in jPe) : given 
a smooth function equal to 1 on [0, ¥\ , decreasing on [~, l] and equal to > 
very small on [1, oo), define 

fk(x) =-log (<j) (d tk (pfe,^)^ 1 )) +c k . 

where c k is taken so that 

1 



- fk dA 



M 



g(tk) 



1. 



Notice that even if we make e — » in the definition of fk, Ck remains bounded. 
Also, the choice of fk implies that there is a constant C independent of k such that 



e~ Ck dA g(tk) < Cr 



If we test W with fk, we obtain the following. 



4-7rr 



fe JM 







-f 









dA 



g(tk) 



is bounded. Indeed, by the choice of fk 



. fk 



in Bz±_ (Pk) 

on B k \B^(p k ) 
outside Bk , 



so we have 



1 

7T 



L 









dA 



g(tk) 



< 



1 



■dA 



B k \Br±(p h ) 



ff(«fc)' 
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and our claim is proved. 
The integral 



l — [ r\Re fk dA g(tk) <r\ sup R(t k ) 

rr k JM 



is also bounded, since we have R < r^ 2 . 
Finally we analyze the behavior of 

j-L £ /fce -A dAg(tk) = J_ £ ( /fe _ Cfe) e -A ^0+^ / m *e" A d^j 

The first integral in the previous equality is bounded. This follows from two facts: 
first of all slogs is bounded on [0, 1] and also slogs — »• as s — > + , so by taking 
e > very small in the definition of <fi, for any r\ > we have 

V k -c k )e~^e- c *dA g{tk) <C+-^ [ e~ c » dA g(tk) , 
47rr fc Jm / inr k J M\B k 

so by choosing e k > appropriately we can make rj ~ r^, which shows that this 
integral is bounded. 

On the other hand, the integral 

47rr fe Jm 



behaves like c^, which under assumption © goes to -co. This implies, by Theorem 
13.21 that (go,t k + r^) -> -oo as i; -> oo, which is impossible since t k + r\ — > T < 

CO. 

The final touch of our argument is then given by what is shown in Section 14.11 
the existence of a sequence of times t k — > T and a sequence of geodesies jk in the 
metric g (t k ) that hit the boundary at right angles at both of its endpoints and such 
that is length l k satisfies 



limsup Ik sup R (tk) = 
fe->oo y M 

implies the existence of balls B k satisfying ((SJ) . 

5. Smooth convergence along sequences 

Now that we can control the injectivity radius of a surface of positive curvature 
and convex boundary that is evolving under (jTJ , and that bounds on the derivatives 
of the curvature can be produced from bounds on the curvature (see section [Bj , 
then we can form blow up limits. Recall that a blow-up limit is constructed as 
follows: if (0, T) is the maximum interval of existence for a solution to we pick 
a sequence of times tj — > T and a sequence of points such that 

Xj := R (pj,tj) = max R (x, t) , 

M x [0,tj] 



and then we define the dilations 

+ 

t 



<h I / > := X,n { i : + ^ j , -X,t 3 <t<X 3 {T-t 3 ), 

and then from the injectivity and curvature bounds from this sequence of dilated 
metrics we can extract a convergent subsequence towards a solution to the Ricci 
flow. In our case, we can classify the possible blow up limits we obtain. We recall 
a result proved in |Clj . 
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Proposition 5.1. There are two possible blow-up limits for a solution of £7J) with 
positive scalar curvature (R > 0). If the blow-up limit is compact, then it is a 
homotetically shrinking round hemisphere with totally geodesic boundary. If the 
blow-up limit is non-compact then it is (or its double is) a cigar soliton. 

Proposition 15. II has as a consequence that along a sequence of times tk —t T, 

l im - R ™* (*fc) = 1 

fe^oo i? m i n (tk) 

where, obviously, 

-Rmax (t) = max R (p, t) and R min (p, t) = min R (p, t) . 

Indeed, the non-collapsing results preclude the cigar as a blow-up limit. 

The following interesting estimate on the evolution of the area A g (t) of M under 
the Ricci flow can be given. 

Proposition 5.2. There exists constants ci,c% > such that 

ci (T - t) < A g (t) <c 2 (T-t). 
Proof. Since the blow-up limit is compact, we must have 

lim A a (t) = 

t-vT 

Since R > 0, and J dM k g is decreasing, by the Gauss-Bonnet Theorem we have the 
inequalities 

dA Q 

-2tt < —2- < -c, 
~ dt ~ 

and the result follows by integration. □ 
As a consequence of the previous proposition we can immediatly conclude that: 

Corollary 5.1. The normalized flow exists for all time. 

Also, an estimate for the maximum of the scalar curvature can be deduced: 

Corollary 5.2. There are constants C\,C2 > such that 

rp _ ^ — Rm&x (t) < J 1 — f 

Proof. By the Gauss-Bonnet theorem 

/ Cx (t) dA g > C, 

J M 

and from Corollary 15.21 there is a d > such that 

C'i?max (t) (T-t)> C, 

and the left inequality follows. 

To show the other inequality we proceed by contradiction. Assume that there is 
no constant c^ > for which 

-Rmax (t) < rp\ 

holds. Then we can find a sequence of times tj — > T such that 

-Rmax (tj) (T — tj) -XX 

and hence along this sequence the blow-up limit would not be compact (it would 
have infinite area by Proposition [52]), contradicting Proposition [ITU O 
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Corollary 15.21 shows that along any sequence of times we can take a blow-up 
limit since for any sequence of times, the curvature is blowing at maximal rate (i.e. 
~ 5537) ■ By Proposition 15.11 this blow-up limit is a round homotetically shrinking 
sphere. This proves that, 

Theorem 5.1. Under the unnormalized flow we have that 

hm 7-T = 1- 

*->T Rmin (t) 

As a consequence, under the normalized flow we have that 

-Rmax (t) - Rmin (t) -> as t 00. 

Since one can produce bounds on the derivatives of the curvature from bounds 
on the curvature, and this remains bounded along the normalized flow, we have that 
along any sequence of times g (t) is converging to a metric of constant curvature 1 
(this metrics may be different according to the sequence considered). To be able 
to conclude that these limit metrics are isometric to that of a hemisphere, we must 
show that the geodesic curvature of the boundary approaches 0. Indeed, as it is 
stated in [Clj , we can prove a little more. Summarizing we have the following 
theorem, which as stated in the introduction as the main result of this paper. 

Theorem 5.2. For the normalized flow, given any sequence of times t n — ¥ oo there 
exists a subsequence such that g (t nk ) converges smoothly to a metric of constant 
curvature 1 and totally geodesic boundary. Furthermore, the geodesic curvature of 
the boundary kg — > exponentially fast as t — > oo . 

Proof. Notice that 



and hence 

k g < CVY^tijj < ce~ c V. 

□ 

Appendix A. An extension procedure 

The purpose of this section is to show an extension procedure for surfaces with 
boundary. It has been used in the arguments of section|3] (compare with the results 
in [Kr]). 

Theorem A.l. Let [M, g) be a surface with boundary. Assume that its curvature is 
strictly positive and the geodesic curvature of its boundary is strictly positive. Then 

there exists a closed C 2 surface yM, such that M is isometrically embedded in 
M , and the curvature K of M satisfies 

< K < 3K+, 

where K+ is the maximum of the curvature of M . 



<6(t)< , 

T-t< Te- ci 
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K P (0,0 = { K( W st « 



Let 9 e S 1 <~ dM. Given K (9) > the curvature function of M restricted to 
dM, define the following family of functions. First for p < 

K[e) + Pim c if o<c<t^ 

S if t^<C<*o 
and for p > 

K p {e,Q = K{6) + pC 0<C<^o- 

Observe that for a given a > there exists exactly one member of the previously 
defined family, say K p ( a ) such that 

K p{a) (C) d(. 

We are ready to extend the metric from a convex surface with boundary to a 
compact closed surface, keeping control over the maximum of the curvature. Define 
the warping function 

/ (0,z) = l + a (9) z - f [ C K p(a(e)) (9, £) d£. 
Jo Jo 

where a (9) is the geodesic curvature of dM at the point 9 g 8 1 <~ dM. 

Notice that zq > can be chosen arbitrarily. For our purposes, we will take 
zo = -jr-p . If g§i is the metric of M restricted to its boundary, we define a metric g 
oniV = x [0, z ] by 

.9 = dz 2 + fg s i . 

This metric defines an extension of the metric on the surface M to the surface 
M = M U N where dM C M is identified with dM x {0} C N. It is clear that 
dN = M x {zo} and that it is totally geodesic. 

Let us now estimate the maximum of the curvature in our extension. In a worst 
case scenario, K (9) = K + , and a (9) = a + . Then, 

-/" (z) <K+ + 2^i^z < 3^+. 

Since /' > 0, it follows that / > 1, and so the curvature is at most 3K+. 

The produced extension Mo is a C 2 surface that has totally geodesic boundary, 
so we can double the extended manifold to obtain a closed C 2 manifold of positive 
curvature, with curvature bounded above by 3K + . 



Appendix B. Derivative estimates 

In this section we will show how to produce bounds on the derivatives of the 
curvature in terms of bounds on the curvature. We will show how to do it in 
the case of first and second order derivatives, the case of higher derivatives being 
similar. The ideas we use are quite standard, as we produce certain quantities 
involving derivatives of R (clearly inspired by the quantities used in the case of 
closed manifolds), and then we compute some differential inequalities; we will have 
to make computations on the boundary of M in order to apply the Maximum 
Principle to these differential inequalities, and even though a bit tedious, these 
computations are certainly straightforward. 
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We now fix some notation. Let p (P, t) be the distance function to the boundary 
of M (which of course changes with time, as the metrics is M change with time). 
We define the set 

M[0,e] =p- 1 ([0,e],0), 

and we will refer to it as the collar of the boundary, or simply as the collar. All 
the quantities below depend on the time varying metric g, however we will not use 
any subindcx to indicate such dependence. Without much further ado, let us start 
with our estimates. 

B.l. First order derivative estimates. Wc will show the following 
Theorem B.l. Let e > be such that for all t = t* , 

exp : v~ (e) — > M 

is a diffeomorphism. Assume that there is a bound \R\ < K and that < k g < a 
on [t*,T]. Then there is a 9 :— 9 (K, a) so that we can estimate, 

\VR\ 2 <C(a)K 2 (\ + ^—+K 



e 2 ' t-t* 
forte (t*,t*+9}. 

Proof. To simplify matters a little bit, let us fix t* = 0. Define on M [0, e] and 
t e [0, T] the function 

F = te ap \V 9 R\ 2 + AR 2 + 2ApK 2 , 

where V 9 is the component of the gradient which is tangent to the level surfaces of 
p (-,0). Notice that the norm of V 9 is measured with respect to the time varying 
metric. F satisfies a differential inequality in M, namely 

dF ( o de ap \ o 



< AF + te ap R + 2a 2 + e ap + t—- + tAe ap - A I Vi2l" 
at \ at J 

-2aVpVF + 2aVp (ARVR + 2AM 2 V p) 

+2AR 3 + ^AM 2 - (Ap) AM 2 . 

We need to control a few quantities from the previous expression. For instance, we 
need to control Ap. But this is not so difficult, as it is well known that 

A P (P) = k g (P) 

where k g (P) is the geodesic curvature of the level surface of p that passes through 
P. On the other hand this geodesic curvature is easy to control in terms of the 
curvature, a bound on the geodesic curvature of dM, and e > since we have an 
equation 

dp - R + k 9- 



Also, it is not difficult to estimate 
choose A large enough, we obtain, 



< Kp, So if we have t < 9 (a,K), and we 



BF 

— <AF + 2aVpVF + C (A, a) K 3 . 
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On the other hand, on dM, F satisfies the inequality 



dF 
drj 



-tae ap \W 9 R\ 2 + te ap k g \V d R\ 2 + 2Ak g R 2 - 2AK 2 < 0, 



where we have used the fact 



d_ 

drj 



V d R\ 2 



k a \V d R\ 2 . 



In the part of the boundary of the collar that lies in the interior of the manifold, 
by Shi's interior estimates, we have, 



F < C (A, a) K 3 + te at K 2 [- + -+K 



t 



Applying the maximum principle, we obtain 



F < max F + tC (A, a) K 3 + C (A, a) K 3 + te ae K 2 ( \ + - + K ) , 

t — t* \ 6 t J 



from which we obtain 



V a R 



< - 

~ t 



K 3 



/ K- [- + -+K 



Now, let r\ be a unit vector field orthogonal, with respect to the time varying 
metric, to the level curves of p (•,()), and which coincides with the outward unit 
normal on dM (so r\ also depends on the time t). We could take for instance 
j] = — where ^ is the unit vector field orthogonal to the level curves of 
p (•, 0) at time t = which coincides with the outwart unit normal to dM at time 
t = 0, and c is a constant taken so that g (77, rf) = 1 (the reader must have present 
here that the Ricci flow in dimension 2 preserves the conformal structure). Define 

2 



G = t 



dR 



drj 



AR 2 . 



Again we have that G satisfies a differential inequality 

r)C 

— < AG + 2AR 3 ; 
at 

on the other hand using the expresion for ^ on dM and Shi's interior derivative 
estimates, in both components of the boundary of the collar we have an estimate 

G < tk 2 K 2 + 2AK 2 + CtK 2 + j + K 

This gives an estimate for G completely analogous to the estimate obtained for F. 
This proves the theorem. □ 

B.2. Second order derivative estimates. Here we sketch how to bound second 
order derivatives on an interval of time [0, t] where we have assumed a bound K 
on absolute value of the curvature; higher derivatives estimates can be produced 
following a similar strategy. We will divide our estimates in two classes. 
First, we let 



G 



(v 9 ) 2 i? 



+ 



(dR 
\ dt 
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where (V 9 ) 2 denotes two covariant derivatives taken in the direction of vectors 

tangent to the level curves of p(-,0). We see (V 9 ) 2 as a 2-tensor, that when any 
of its entries is a vector perpendicular (with respect to the time varying metric) to 

the level curves of p (•, 0) then its value is 0. We then compute its norm (V 9 ) 2 R 
with respect to the time varying metric g (t) accordingly. Define 



F = te f3p G + A (|Vi?| 2 + i? 2 ) + pN 2 , 



where (5, A and N are constants to be defined. 

A tedious, but straightforwart computation, shows that there exists a 9 = 
6{K,a) such that on [0,0] F satisfies a differential inequality 



^ < AF + 2/3WFWp + B (\R\ b + \R\ |Vi?| 2 + |Vi?| 2 ) + (J? - Ap) 



N 



and B is a new constant obtained from A, and we also have a bound, let us call it 
p _ 
/ 

d 



C, on — Ap in terms of bounds on R, k g and e. In dM we can compute 



drj 



(y d ) R =(2k g + l) (V a ) R +P(k g ,Wkg,W 2 k g ,R,WR) 



and V denotes covariant differentiation. On the other hand, denoting by R v = V V R, 
we can estimate 



OR 2 



drf 



2 \R<q<qR<q | 



< 2 

= 2 



(Rt- (V d ) 2 R)R v 
(Rt- (V a ) 2 i?) -k g R 



te pp G - 



Also, we can compute, 



drj 



2Rt (iRt) v + RR^ 



2k a R 2 + k a R 2 



l 9"i ~ n 9 

So if we take a > 2k„ + 2 and iV 2 such that 



N 2 > P + 2Ak g \R\ (| W 9 R\ 2 + R 



on the interval [0,9], we can guarantee that on dM 

8F 



drj 



< 0. 



On the boundary of the collar that lies in the interior of the manifold we can 
estimate F by using the interior derivative estimates. From this we can conclude 
that an estimate 

2 A 



(V a ) i? 



+ 



OR 
dt 



< [k' + CN 2 ) + BK" 
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where K' and K" arc bounds on |Vi?| 2 + R 2 and |i?| 5 + \R\ \VR\ 2 + \VR\ 2 re- 
spectively. A bound for N is easily obtained from bounds R, \VR\ and k g and its 
derivatives. 

Notice that we obtain a bound on R, m , since if T is a unit vector field tangent 
to the level curves of p (-, 0), then we have 

Vjjjj-R = Ai? — Vyyi? = — ^ 2 — Vyyi?, 

and since we just produced an estimate on V^ T , we easily obtain a bound on V 2 ^. 

Now we try to estimate a second covariant derivative of the form V d V v , where 77 
is a unit vector field orthogonal to the level curves of p (•, 0) and which coincides with 
the outward unit normal on dM; as before, V d represents a covariant derivative 
taken with respect to a vector field tangen to the level curves of p (-, 0). Again we 
define 

F = t |V a V„i?| 2 + A (|Vi?| 2 + i? 2 ) . 

and again, there is a 9 = 9 (K, a) such that F satisfies a differential inequality 

BF / \ 

— < AF + C (R 2 + \R\\VR\ 2 ) . 

on [0,9]. In dM, we have 

F<B(R 2 + |V 9 i?f) + A \WR\ 2 , 

and i3 depends on bounds on k g and its derivatives. Since we have bounds on the 
gradient of R, using the fact that in the interior boundary of the collar we also 
have bounds for F due, once again, by the interior derivative estimates, we obtain 
a bound 

|V 9 V„i?| 2 < y (|Vi?| 2 + R 2 + C"t) , 

where C" is a bound on R 2 + \R\ |V7?| 2 on [0,9], and hence we can bound second 
covariant derivatives in terms of bounds on the curvature. 
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